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Abstrat
We apply the reent results of F. Hiai, M. Mosonyi and T. Ogawa [arXiv:
0707.2020, to appear in J. Math. Phys.℄ to the asymptoti hypothesis testing
problem of loally faithful shift-invariant quasi-free states on a CAR algebra.
We use a multivariate extension of Szeg®'s theorem to show the existene of the
mean Cherno and Hoeding bounds and the mean relative entropy, and show
that these quantities arise as the optimal error exponents in suitable settings.
1 Introdution
Assume that we have a sequene of nite-level quantum systems with Hilbert spaes
~H := {Hn : n ∈ N}, and that we know a priori that either the nth system is
in the state ρn for eah n ∈ N (null-hypothesis H0), or in the state σn (alternative
hypothesisH1). The protool to deide between these two options is to make a binary
positive operator-valued measurement (Tn, In − Tn), 0 ≤ Tn ≤ In on Hn for some
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1
n ∈ N. If the outome orresponding to Tn ours then H0 is aepted, otherwise it
is rejeted. Obviously, there are two ways to make an erroneous deision: to aept
H0 when it is false (error of the rst kind) and to rejet it when it is true (error of
the seond kind). The orresponding error probabilities are
αn(Tn) := ρn(In − Tn) = Tr ρˆn(In − Tn) ,
βn(Tn) := σn(Tn) = Tr σˆnTn ,
where ρˆn and σˆn denote the densities of ρn and σn. Apart from the trivial situation
when supp ρˆn ⊥ supp σˆn, there is no measurement making both error probabilities
simultaneously 0. However, when the measurements are hosen in an optimal way,
the error probabilities are expeted to vanish with an exponential speed as n goes to
innity. The main goal in the study of asymptoti hypothesis testing is to identify
the rate of exponential deay to zero in various settings. Here we will study the
following quantities, related to the Cherno bound, the Hoeding bound and Stein's
lemma, respetively:
cν (~ρ ||~σ) := sup
{Tn}
{
lim
n→∞
− 1
nν
log
(
αn(Tn) + βn(Tn)
)}
,
hν (r| ~ρ ||~σ) := sup
{Tn}
{
lim
n→∞
− 1
nν
log βn(Tn)
∣∣∣∣ lim sup
n→∞
1
nν
logαn(Tn) < −r
}
, r ≥ 0,
sν (~ρ ||~σ) := sup
{Tn}
{
lim
n→∞
− 1
nν
log βn(Tn)
∣∣∣∣ limn→∞αn(Tn) = 0
}
,
where ν is a xed positive number and the suprema are taken over sequenes of
measurements for whih the limits exist. In our ases of interest, ν is the physial
dimension of an innite lattie system, and ρn and σn are restritions of translation-
invariant states ρ and σ of the innite system to ν-dimensional ubes with sidelength
n.
It has been shown in various settings [1, 2, 3, 11, 13, 14, 15, 16, 19, 21, 22℄
that, under suitable onditions, the above exponents oinide with ertain relative
entropy-like quantities. Apart from giving omputable losed expressions for the
error exponents, the importane of these results lies in providing an operational
interpretation for the given relative entropy-like quantities. Our aim in this paper
is to establish the equality of the error exponents and the orresponding relative
entropy-like quantitites for loally faithful quasi-free states on a CAR algebra, based
on the results of [14℄. In Setion 2 we give a brief overview on hypothesis testing
and quasi-free states and in Setion 4 we give our main results, relying on [14℄ and
an extension of Szeg®'s theorem that we prove in Setion 3.
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2 Preliminaries
2.1 Hypothesis testing in an asymptoti framework
Let ω and ϕ be states on a nite-dimensional Hilbert spae H with densities ωˆ and
ϕˆ; i.e., ω(A) = Tr ωˆA, A ∈ B(H), and similarly for ϕ. When supp ωˆ ≤ supp ϕˆ,
the Cherno bound, the Hoeding bound(s) and the relative entropy of ω and ϕ are
dened as
C (ω ||ϕ) := − min
0≤t≤1
{
log Tr ωˆtϕˆ1−t
}
,
H (r|ω ||ϕ) := sup
0≤t<1
−tr − log Tr ωˆtϕˆ1−t
1− t , r ≥ 0,
S (ω ||ϕ) := Tr ωˆ (log ωˆ − log ϕˆ) .
(Here we use the onventions 0t := 0, t ∈ R and log 0 := −∞.) All these quantities
are non-negative, jointly onvex in the variables ω, ϕ, and monotonially dereasing
under the simultaneous appliation of a trae-preserving ompletely positive map
on ω and ϕ [18, 23, 24℄. The Cherno bound and the relative entropy are also
stritly positive, i.e., they vanish only when the two states are equal. The Hoeding
bounds, however, only take stritly positive values on a range of r that depends on
the states ω and ϕ; if the supports are equal then this range is easily seen to be
0 < r < S (ϕ ||ω). Note that sup an be replaed with max in the denition of the
Hoeding bound for r > 0, and H (0|ω ||ϕ) = S (ω ||ϕ).
Now let ~ρ := {ρn}n∈N and ~σ := {σn}n∈N be two sequenes of states on the nite-
dimensional Hilbert spaes
~H := {Hn}n∈N. We assume throughout the paper that
supp ρˆn ≤ supp σˆn, n ∈ N. With the above onventions, the funtions
ψn(t) := logTr ρˆ
t
nσˆ
1−t
n
are well-dened for all t ∈ R, and they are easily seen to be onvex on R, with the
properties
ψn(1) = 0 and ψ
′
n(1) = S (ρn || σn) .
If supp ρˆn = supp σˆn then also ψn(0) = 0 and ψ
′
n(0) = −S (σn || ρn). We dene the
mean versions of the Cherno bound, the Hoeding bounds and the relative entropy
by
Cν,M (~ρ ||~σ) := lim
n→∞
1
nν
C (ρn || σn) , (1)
Hν,M (r| ~ρ ||~σ) := lim
n→∞
1
nν
H (nνr| ρn || σn) , (2)
Sν,M (~ρ ||~σ) := lim
n→∞
1
nν
S (ρn || σn) , (3)
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for some positive number ν, whenever the limits exist. One an easily see that if
the funtions
1
nν
ψn onverge uniformly to some funtion ψ on [0, 1] then the mean
Cherno bound and the mean Hoeding bounds exist, and
Cν,M (~ρ ||~σ) = − min
0≤t≤1
ψ(t) , (4)
Hν,M (r| ~ρ ||~σ) = max
0≤t<1
−tr − ψ(t)
1− t , r > 0 . (5)
Moreover, if the left derivatives
1
nν
∂−ψn(1) onverge to ∂
−ψ(1) then
Sν,M (~ρ ||~σ) = Hν,M (0| ~ρ ||~σ) = ∂−ψ(1) = sup
0≤t<1
−ψ(t)
1− t . (6)
Note that the onvexity of the funtions
1
nν
ψn implies that if they onverge pointwise
to a funtion ψ on some open set G then ψ is also onvex, and, moreover, the
onvergene is uniform on any ompat subinterval of G.
Let cν (~ρ ||~σ) , hν (r| ~ρ ||~σ) and sν (~ρ ||~σ) be the error exponents given in the In-
trodution. We also dene the underlined and overlined versions of these quantities,
by replaing the limits with liminf and limsup, respetively; i.e.,
cν (~ρ ||~σ) := sup
{Tn}
{
lim inf
n→∞
− 1
nν
log
(
αn(Tn) + βn(Tn)
)}
,
cν (~ρ ||~σ) := sup
{Tn}
{
lim sup
n→∞
− 1
nν
log
(
αn(Tn) + βn(Tn)
)}
,
hν (r| ~ρ ||~σ) := sup
{Tn}
{
lim inf
n→∞
− 1
nν
log βn(Tn)
∣∣∣∣ lim sup
n→∞
1
nν
logαn(Tn) < −r
}
, r ≥ 0,
hν (r| ~ρ ||~σ) := sup
{Tn}
{
lim sup
n→∞
− 1
nν
log βn(Tn)
∣∣∣∣ lim sup
n→∞
1
nν
logαn(Tn) < −r
}
, r ≥ 0,
sν (~ρ ||~σ) := sup
{Tn}
{
lim inf
n→∞
− 1
nν
log βn(Tn)
∣∣∣∣ limn→∞αn(Tn) = 0
}
,
sν (~ρ ||~σ) := sup
{Tn}
{
lim sup
n→∞
− 1
nν
log βn(Tn)
∣∣∣∣ limn→∞αn(Tn) = 0
}
.
Obviously, cν (~ρ ||~σ) ≤ cν (~ρ ||~σ) ≤ cν (~ρ ||~σ) , hν (r| ~ρ ||~σ) ≤ hν (r| ~ρ ||~σ) ≤ hν (r| ~ρ ||~σ) ,
r ≥ 0, and sν (~ρ ||~σ) ≤ sν (~ρ ||~σ) ≤ sν (~ρ ||~σ) for any ν > 0.
The following theorem, given in [14℄, onnets the mean Cherno and Hoeding
bounds and the mean relative entropy to the orresponding error exponents. Sine
the aim in [14℄ was to study the hypothesis testing problem for one-dimensional spin
hains, only the ase ν = 1 was onsidered. All the proofs, however, go through
unaltered for any ν > 0.
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2.1 Theorem. Assume that the limit
ψ(t) := lim
n→∞
1
nν
ψn(t) (7)
exists as a real number for all t ∈ R. Assume, moreover, that ψ is dierentiable on
R and limn→∞
1
nν
ψ′n(1) = ψ
′(1). Then the mean Cherno and Hoeding bounds and
the mean relative entropy exist, the relations (4), (5) and (6) hold, and
cν (~ρ ||~σ) = cν (~ρ ||~σ) = cν (~ρ ||~σ) = Cν,M (~ρ ||~σ) ,
hν (r| ~ρ ||~σ) = hν (r| ~ρ ||~σ) = hν (r| ~ρ ||~σ) = Hν,M (r| ~ρ ||~σ) , r ≥ 0,
sν (~ρ ||~σ) = sν (~ρ ||~σ) = sν (~ρ ||~σ) = Sν,M (~ρ ||~σ) .
2.2 Quasi-free states
Our general referene for this setion is [7℄. Let H be a separable Hilbert spae
and F(H) := ⊕dimHk=0 ∧k H be the orresponding antisymmetri Fok spae, with the
onvention ∧0H := C. We use the notation
x1 ∧ . . . ∧ xk := 1√
n!
∑
σ∈Sk
s(σ)xσ(1) ⊗ . . .⊗ xσ(k) , x1, . . . , xk ∈ H,
where the summation runs over all permutations of k elements and s(σ) denotes the
sign of the permutation σ. For eah x ∈ H the orresponding reation operator is
dened as the unique bounded linear extension c∗(x) : F(H)→ F(H) of
c∗(x) : x1 ∧ . . . ∧ xk 7→ x ∧ x1 ∧ . . . ∧ xk , x1, . . . , xk ∈ H, k ∈ N,
and the orresponding annihilation operator is its adjoint c(x) := (c∗(x))∗. Creation
and annihilation operators satisfy the anonial antiommutation relations (CAR):
c(x)c(y) + c(y)c(x) = 0 , c(x)c∗(y) + c∗(y)c(x) = 〈x, y〉1 .
The C∗-algebra generated by {c(x) : x ∈ H} is alled the algebra of the anonial
ommutation relations, and is denoted by CAR(H). The von Neumann algebra gen-
erated by {c(x) : x ∈ H} is equal to B(F(H)); in partiular, for a nite-dimensional
Hilbert spae H we have CAR(H)=B(F(H)).
If A ∈ B(H) then A⊗k leaves the antisymmetri subspae of H⊗k invariant. We
denote the restrition of A⊗k onto ∧kH by ∧kA, and introdue the notation
F (A) := ⊕dimHk=0 ∧k A .
Here we use the onvention A⊗0 := ∧0A := 1. This yields a bounded operator if H
is nite-dimensional or if ‖A‖ ≤ 1. If H is nite-dimensional and A has eigenvalues
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λ1, . . . , λd, ounted with multipliities, then the eigenvalues of ∧kA are {λi1 · . . .·λik :
i1 < . . . < ik}. Thus we get that in this ase
TrF (A) = det(I + A) .
Let Q ∈ B(H) and dene a funtional ωQ on monomials by
ωQ (c(x1)
∗ . . . c(xn)
∗c(ym) . . . c(y1)) = δm,n det{〈yi, Q xj〉}ni,j=1 . (8)
If 0 ≤ Q ≤ I, then ωQ extends to a state on CAR(H). Suh states are alled
quasi-free. For a state ωQ the operator Q is alled the symbol of ωQ. When H is
nite-dimensional, we have the following [6, Lemma 3℄:
2.2 Proposition. Let H be nite-dimensional and Q ∈ B(H) be a symbol, and
assume that 1 is not an eigenvalue of Q. Then the density of the orresponding
quasi-free state is
ωˆQ = det(I −Q)⊕dimHk=0 ∧k
Q
I −Q = det(I −Q)F
(
Q
I −Q
)
.
Quasi-free states emerge as equilibrium states of non-interating fermioni sys-
tems. For instane, if the one-partile Hamiltonian H of a system of non-interating
fermions is suh that e−βH is trae-lass then the Gibbs state of the system at in-
verse temperature β is the quasi-free state with symbol Q = e
−βH
I+e−βH
(see, e.g., [4,
Proposition 5.2.23℄).
Consider now a ν-dimensional fermioni lattie system with Hilbert spae l2(Zν).
We denote the standard basis of l2(Zν) by {1k : k ∈ Zν}, and dene the shift
operators as the unique linear extensions of Sj1k 7→ 1k+j, k ∈ Zν , for all j ∈ Zν . The
map γj(c(x)) := c (Sjx) extends to an automorphism of CAR(l
2(Zν)) for all j ∈ Zν ,
and γj, j ∈ Zν , is a group of automorphisms, alled the group of shift automorphisms.
A quasi-free state ωQ is alled shift-invariant if ωQ ◦ γj = ωQ, j ∈ Zν , whih holds
if and only if its symbol Q is shift-invariant, i.e., it ommutes with all the unitaries
Sj, j ∈ Zν .
3 Szeg®'s theorem
Shift-invariant operators on l2(Zν) ommute with eah other and they are simulta-
neously diagonalized by the Fourier transformation
F : l2(Zν) → L2([0, 2π)ν) , F1{k} := ϕk , ϕk(x) := ei〈k,x〉 , x ∈ [0, 2π)ν ,k ∈ Zν ,
where 〈k,x〉 := ∑νi=1 kixi. That is, every shift-invariant operator A arises in the
form A = F−1MaˆF , where Maˆ denotes the multipliation operator by a bounded
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measurable funtion aˆ on [0, 2π)ν . As a onsequene, the matrix entries of shift-
invariant operators are onstants along diagonals; more expliitly, 〈1{k}, A1{j}〉 =
1
(2pi)ν
∫
[0,2pi)ν
e−i〈k−j,x〉aˆ(x) dx. Szeg®'s lassi theorem [9℄ states that if aˆ is real-valued
on [0, 2π) then
lim
n
1
n
Tr f(An) =
1
2π
∫ 2pi
0
f(aˆ(x)) dx
for any ontinuous funtion f on the onvex hull Σ(A) of the spetrum of A, where
An := PnAPn with Pn :=
∑n−1
k=0 |1{k}〉〈1{k}|. In higher dimensions, let Pn :=∑n−1
k1,...,kν=0
|1{k}〉〈1{k}| and An := PnAPn for A = F−1MaˆF . The following is a
multivariate generalization of Szeg®'s theorem, whih is also a generalization for
higher dimensions:
3.1 Lemma. Let aˆ(1), . . . , aˆ(r) be bounded measurable funtions on [0, 2π)ν with
orresponding shift-invariant operators A(1), . . . , A(r). Then,
lim
n→∞
1
nν
Tr f (1)
(
A(1)n
)·. . .·f (r) (A(r)n ) = 1(2π)ν
∫
[0,2pi)ν
f (1)
(
aˆ(1)(x)
)·. . .·f (r) (aˆ(r)(x)) dx
(9)
for any hoie of polynomials f (1), . . . , f (r). If all aˆ(k) are real-valued then (9) holds
when f (k) is a ontinuous funtion on Σ(A(k)) for all 1 ≤ k ≤ r. In this ase, the
onvergene is uniform on norm-bounded subsets of
∏n
k=1C
(
Σ(A(k))
)
.
Proof. Obviously, the statement for polynomials follows if we an prove that
lim
n→∞
1
nν
TrA(1)n · . . . · A(r)n =
1
(2π)ν
∫
[0,2pi)ν
aˆ(1)(x) · . . . · aˆ(r)(x) dx , (10)
for arbitrary r ∈ N and bounded measurable funtions aˆ(1), . . . , aˆ(r). First, let
aˆ(k)(x) = ei〈pk ,x〉, 1 ≤ k ≤ r, with p1, . . . ,pr ∈ Zν . Then 〈1{i}, A(k)1{j}〉 = δi−j,pk and
therefore the diagonal elements of A
(1)
n · . . . ·A(r)n are all 0, unless p1+ . . .+pr = 0, in
whih ase the diagonal onsists of 0's and 1's, and the number of the 1's is between
nν − |p1| − . . .− |pr| and nν . Thus
lim
n→∞
1
nν
TrA(1)n · . . . · A(r)n = δp1+...+pr ,0 =
1
(2π)ν
∫
[0,2pi)ν
aˆ(1)(x) · . . . · aˆ(r)(x) dx .
From this, (10) follows immediately in the ase when aˆ(k), 1 ≤ k ≤ r, are trigono-
metri polynomials.
Now let aˆ(k), 1 ≤ k ≤ r, be bounded measurable funtions on [0, 2π)ν . One
an see (by taking the Fejér means of the Fourier series) that for any ε > 0 there
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exist trigonometri polynomials aˆ
(k)
ε , 1 ≤ k ≤ r, suh that ‖aˆ(k) − aˆ(k)ε ‖2 ≤ ε and
‖aˆ(k)ε ‖∞ ≤ ‖aˆ(k)‖∞ for all 1 ≤ k ≤ r. Note that if A = F−1MaˆF then
‖An‖22 = TrPnA∗PnAPn ≤ TrPnA∗APn =
n−1∑
k1,...,kν=0
〈1{k}, A∗A1{k}〉
=
n−1∑
k1,...,kν=0
〈ϕk, |aˆ|2ϕk〉 = nν ‖aˆ‖22 , (11)
and obviously
‖An‖ ≤ ‖A‖ = ‖aˆ‖∞ . (12)
As a onsequene, we get for any bounded operators X, Y on H and 1 ≤ k ≤ r,∣∣TrXA(k)n Y − TrX (A(k)ε )n Y ∣∣ ≤ ‖X‖ ‖Y ‖∥∥A(k)n − (A(k)ε )n∥∥1
≤ ‖X‖ ‖Y ‖ ‖In‖2
∥∥A(k)n − (A(k)ε )n∥∥2
≤ nν ∥∥aˆ(k) − aˆ(k)ε ∥∥2 ‖X‖ ‖Y ‖ ≤ nνε ‖X‖ ‖Y ‖ ,
due to Hölder's inequality and inequality (11). Iterated appliation of the above
inequality, ombined with (12), yields∣∣∣∣ 1nν TrA(1)n · . . . · A(r)n − 1nν Tr (A(1)ε )n · . . . · (A(r)ε )n
∣∣∣∣ ≤ ε · c ,
where c := rmax1≤k≤r ‖aˆ(k)‖r−1∞ is independent of n. Similarly,∣∣∣∣ 1(2π)ν
∫
[0,2pi)ν
aˆ(1)(x) · . . . · aˆ(r)(x) dx− 1
(2π)ν
∫
[0,2pi)ν
aˆ(1)ε (x) · . . . · aˆ(r)ε (x) dx
∣∣∣∣ ≤ ε·c ,
and from these and the previous argument, the rst assertion follows.
Now if aˆ(k) is real-valued then A
(k)
n is self-adjoint for all n and its spetrum is
easily seen to be in the onvex hull of the spetrum of A(k), hene f (k)(A
(k)
n ) is well-
dened for all n. By the Stone-Weierstrass theorem, for eah ε > 0 there exist
polynomials f
(1)
ε , . . . , f
(r)
ε suh that ‖f (k)−f (k)ε ‖∞ < ε and ‖f (k)‖∞ ≤ ‖f (k)ε ‖∞ for all
1 ≤ k ≤ r. For any bounded operators X, Y on H and f, g ∈ C (Σ(A(k))) we have∣∣TrXf(A(k)n )Y − TrXg(A(k)n )Y ∣∣ ≤ ‖X‖ ‖Y ‖ ∥∥f(A(k)n )− g(A(k)n )∥∥1
≤ ‖X‖ ‖Y ‖nν ∥∥f(A(k)n )− g(A(k)n )∥∥
≤ ‖X‖ ‖Y ‖nν ‖f − g‖∞ , (13)
and thus∣∣∣∣ 1nν Tr f (1)(A(1)n ) · . . . · f (r)(A(r)n )− 1nν Tr f (1)ε (A(1)n ) · . . . · f (r)ε (A(r)n )
∣∣∣∣ ≤ ε · c ,
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where c := rmax1≤k≤r ‖f (k)‖r−1 is independent of n. Obviously,
lim
ε→0
1
(2π)ν
∫
[0,2pi)ν
f (1)ε
(
aˆ(1)(x)
) · . . . · f (r)ε (aˆ(r)(x)) dx
=
1
(2π)ν
∫
[0,2pi)ν
f (1)
(
aˆ(1)(x)
) · . . . · f (r) (aˆ(r)(x)) dx ,
and from these and the validity of (9) for polynomials, the assertion follows. The
uniformity of the onvergene in the last statement is an immediate onsequene of
(13).
4 Hypothesis testing for quasi-free states
Consider a ν-dimensional lattie and shift-invariant quasi-free states ωQ and ωR on
CAR(l2(Zν)), with symbols Q = F−1MqˆF and R = F
−1MrˆF , where qˆ, rˆ : [0, 2π)
ν →
[0, 1]. Let Hn := span{1k : k1, . . . , kν = 0, . . . , n− 1}, and let ωQn and ωRn be the
restritions of ωQ and ωR onto CAR(Hn). We will study the asymptoti hypothesis
testing problem for {ρn}n∈N vs. {σn}n∈N with ρn := ωQn and σn := ωRn . That is,
the null-hypothesis in this ase is that the true state of the innite system is ωQ,
while the alternative hypothesis is that it is ωR, and we make measurements on loal
subsystems to deide between these two options. We will replae ~ρ and ~σ with ωQ
and ωR in all notations, as the latter uniquely determine the former.
All over this setion we will assume that there exists an η ∈ (0, 1/2) suh that
η ≤ qˆ, rˆ ≤ 1 − η. As a onsequene, the loal restritions are faithful. The ore of
our main result is the following:
4.1 Proposition. The limits in (3) and (7) exist,
Sν,M (ωQ ||ωR) = 1
(2π)ν
∫
[0,2pi)ν
[
qˆ(x) log
qˆ(x)
rˆ(x)
+ (1− qˆ(x)) log 1− qˆ(x)
1− rˆ(x)
]
dx ,
(14)
and
ψ(t) =
1
(2π)ν
∫
[0,2pi)ν
log
[
qˆ(x)trˆ(x)1−t + (1− qˆ(x))t(1− rˆ(x))1−t] dx , t ∈ R.
(15)
Moreover, ψ is dierentiable on R, and Sν,M (ωQ ||ωR) = ψ′(1).
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Proof. By Proposition 2.2, we have
S (ωQn ||ωRn) = Tr
[
Qn (logQn − logRn)
+(In −Qn) (log(In −Qn)− log(In − Rn))
]
(16)
and
Tr ωˆtQnωˆ
1−t
Rn
= det(In−Qn)t det(In−Rn)1−t det
[
In +
(
Qn
In −Qn
)t(
Rn
In − Rn
)1−t]
(17)
for eah n ∈ N. Sine log is ontinuous on [η, 1− η], (14) follows immediately from
(16) and Lemma 3.1. To prove (15), note that (17) an be rewritten as
1
nν
log Tr ωˆtQnωˆ
1−t
Rn
=
1
nν
Tr log(In−Qn)t+ 1
nν
Tr log(In−Rn)1−t+ 1
nν
Tr log (In +Wn,t) ,
where Wn,t :=
(
Qn
In−Qn
)t/2 (
Rn
In−Rn
)1−t (
Qn
In−Qn
)t/2
. By Lemma 3.1,
lim
n→∞
1
nν
Tr
[
log(In −Qn)t + log(In − Rn)1−t
]
=
1
(2π)ν
∫
[0,2pi)ν
[
log(1− qˆ(x))t(1− rˆ(x))1−t] dx .
Now for a xed t we an hoose an M > 0 suh that 0 ≤ Wn,t ≤ MIn for every
n. The Taylor series expansion log(1 + x) =
∑∞
m=0 cm(x−M/2)m is absolutely and
uniformly onvergent on [0,M ], and therefore∣∣∣∣∣ 1nν Tr log (In +Wn,t)− 1nν Tr
N∑
m=0
cm(Wn,t − (M/2)In)m
∣∣∣∣∣
onverges to 0 uniformly in n as N →∞. Similarly to the proof of Lemma 3.1, it is
then enough to show that
1
nν
Tr(Wn,t− (M/2)In)m onverges to 1(2pi)ν
∫
[0,2pi)ν
(ht(x)−
(M/2))m dx for eah m ∈ N, where ht(x) := (qˆ(x)/(1− qˆ(x)))t (rˆ(x)/(1− rˆ(x)))1−t.
This, however, follows immediately from Lemma 3.1. The dierentiability of ψ and
Sν,M (ωQ ||ωR) = ψ′(1) follow from (15) and (14) by a straightforward omputation.
Now we an state the main result of our paper:
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4.2 Theorem. Let ωQ and ωR be quasi-free states as above. The mean Cherno
and Hoeding bounds and the mean relative entropy exist, the relations (4), (5) and
(6) hold with ψ given in (15), and
cν (ωQ ||ωR) = cν (ωQ ||ωR) = cν (ωQ ||ωR) = Cν,M (ωQ ||ωR) ,
hν (r|ωQ ||ωR) = hν (r|ωQ ||ωR) = hν (r|ωQ ||ωR) = Hν,M (r|ωQ ||ωR) , r ≥ 0 ,
sν (ωQ ||ωR) = sν (ωQ ||ωR) = sν (ωQ ||ωR) = Sν,M (ωQ ||ωR) .
Proof. The theorem follows immediately from Proposition 4.1 and Theorem 2.1.
5 Conluding remarks
We applied the results of [14℄ to the hypothesis testing problem of disriminating
the loal restritions of two shift-invariant quasi-free states on a CAR algebra, and
established the equality of various error exponents and the orresponding relative
entropy-like quantities. In [14℄ the general problem was analyzed without any re-
strition on the relation of the supports of ρn and σn, while here we assumed them to
be equal, whih removed some of the tehnial diulties and allowed us to express
our results in a more ompat form. Furthermore, the expression (15) for ψ provides
expliitly (at least numerially) omputable formulas for the mean relative entropy
and mean Cherno and Hoeding bounds, that do not involve evaluations of limits.
Though the relative entropy and the Cherno bound are stritly positive in nite
dimensions, this property does not neessarily hold for their asymptoti versions in
general. In our ase, however, formulas (14) and (15) show that the mean relative
entropy or the mean Cherno bound an only vanish if qˆ = rˆ almost everywhere,
i.e., if ωQ = ωR.
As is well-known in the literature of hypothesis testing (see e.g. [5, 10, 20℄), the
optimal error exponents are ahieved by using the Neyman-Pearson tests Sn,a, n ∈ N,
where a is some properly hosen real number and Sn,a := {e−nνaρˆn − σˆn > 0},
the spetral projetion orresponding to the positive part of the spetrum of the
self-adjoint operator e−n
νaρˆn − σˆn. These tests are easily seen to be minimizers of
Tn 7→ e−nνaαn(Tn)+βn(Tn), 0 ≤ Tn ≤ In, as was pointed out e.g. in [12℄. The results
of [14℄ (Theorem 3.1, Corollary 4.5, Remark 4.6) ombined with Proposition 4.1 of
the present paper then give
lim
n→∞
1
nν
log
(
e−n
νaαn(Sn,a) + βn(Sn,a)
)
= −ϕ(a) , a ∈ R,
lim
n→∞
1
nν
logαn(Sn,a) = −ϕ˜(−a) , a > −Sν,M (ωR ||ωQ) ,
lim
n→∞
1
nν
log βn(Sn,a) = −ϕ(a) , a < Sν,M (ωQ ||ωR) ,
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where
ϕ(a) := max
0≤t≤1
{ta− ψ(t)} , ϕ˜(a) := max
0≤t≤1
{ta− ψ(1− t)}
are the polar funtions of ψ and ψ˜(t) := ψ(1 − t) on [0, 1]. In [14℄ are had to be
taken about some exeptional values of a that may exist due to the possibility of ψ
being ane on ertain intervals; however, this problem annot our for the quasi-
free states we disussed in this paper. Indeed, one an easily see that in our ase
either ψ is ane on R and qˆ(x) = rˆ(x) for almost every x (and therefore the two
states are equal), or ψ′′(t) > 0 for all t ∈ R. The same result was obtained in [14,
Lemma 3.2℄ in an i.i.d. setting and we onjeture this property (i.e., anness on R
vs. strit onvexity) to hold in most ases of interest.
Stein's lemma generally treats the optimal exponential deay of the βn's under
the onstraint that the αn's stay under some given onstant bound. It seems, how-
ever, that in all ases when the exponential deay rate of these exponents an be
identied, it oinides with the mean relative entropy [3, 15, 22℄, whih is the opti-
mal exponent we obtained under the stronger onstraint that the αn's have to vanish
asymptotially. Moreover, one an immediately verify from Theorem 4.2 that in the
setting of the present paper
hν (0|ωQ ||ωR) = hν (0|ωQ ||ωR) = hν (0|ωQ ||ωR) = Hν,M (0|ωQ ||ωR)
= Sν,M (ωQ ||ωR) ,
showing that one obtains the mean relative entropy as the optimal exponent even
if the αn's are required to vanish with an (arbitrarily slow) exponential speed. A
similar result was obtained in a more general setting in [14, Proposition 4.9℄.
Finally, we remark that shift-invariant states on CAR(l2(Z)) an be transferred
in a one-to-one way to shift-invariant states on the spin hain C := ⊗∞k=−∞B(C2)
suh that the loal restritions to CAR
(
span{1{0}, . . . , 1{n−1}}
)
are transferred to
the loal restritions to ⊗n−1k=0B(C2). This fat lies in the heart of determining the
ground state of the XY-hain; see e.g. [17℄, or [4, Examples 5.2.21 and 6.2.14℄ and [8℄
for an overview. As a onsequene, the asymptoti hypothesis testing problem for
the loal restritions of two shift-invariant quasi-free states an be interpreted as an
asymptoti hypothesis testing problem for the loal restritions of the orresponding
shift-invariant states on the spin hain C.
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